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ABSTRACT 
It is shown that semidefinite quadratic forms in two by n variables are sums of 
squares of bilinear forms. 
We shall establish the following result : 
THEOREM 1. Let 
Q(x, s, t) = a(x, x)s” + b(x, x)st + c(x, x)t2, (1) 
be a quadratic form in the real variables s and t whose coefficielzts are quadratic 
forms of the real variables x = (x1, x2,. . . , x,). Suppose that Q is semidefinite, 
i.e., Q 3 0 for all s, t and x. Then there exist linear forms u&), vi(z), 
i = 1,2,..., 3n(n + 1)/Z in x such that 
Q(X) s, 4 = 2 I44s + d4t12. (2) 
This is also valid under slightly more general conditions, namely: 
THEOREM 2. If a, b, and c in Eq. (1) aye hermitian forms in the complex 
variables x = (x1, Z-Q,. . . , x,), then there aye 3n2 linear forms z,Q(x), vi(x) in x 
such that Eq. (2) holds. 
Both these statements can be reformulated in terms of quadratic forms 
with matrix coefficients. We leave this to the reader. 
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Proof of Theortm 1. Consider the linear space of all Q of the form (1). 
The set of semidefinite Q is a closed cone r in that space. We shall show 
that the extreme rays of r are contained in the set S, S C r of all Q of the 
form IU( + 7@)t12, where U(X) and v(x) are linear forms in x. Since S 
is closed, its convex hull is precisely r, and since the dimension of the 
space of forms Q is 3n(1t + 1)/2, every point of ris a convex linear combina- 
tion of at most 3472 + 1)/2 points of S, and our assertion will be established. 
In order to show that every extreme ray of r is contained in S it 
suffices to show that if Q E r and Q + 0, then there exists Qi E S, Qi + 0 
such that Q 3 Qi. For then, if Q is not in S and therefore is not a multiple 
of Qi, we have 
Q = +(Q - Qd + HQ + QI)> 
and Q is a convex linear combination of points in l’which are not multiples 
of Q, and Q is not in an extreme ray. 
Let then Q be in l? We shall assume that it has already been shown 
that if a, b, and c depend on less than n variables, then Q dominates a 
nonvanishing Qi in S. If Q # 0 unless x = 0, s = t = 0, then Q is clearly 
bounded below by a positive number on 1x1 = 1, s2 + t2 = 1 and therefore 
it dominates m(x)2t2, where U(X) is any given linear functional of x, for 
sufficiently small positive E. Suppose on the contrary that Q vanishes 
at some point distinct from the origin. By a linear substitution of the 
variables s, t we may assume that Q@, 1, 0) = 0. Let X be the space of 
points x, and Y a complement of the span of X such that c(X, y) = 0 for 
all y in Y. Set x = rX + y, y E Y. Then 
ah4 = a(y, y), 
b(x, 4 = 0, y) + 24% y)t + 4% 4r2, 
c(x, x) = c(y, y) + c(3, X)3 
By setting y = 0 we see that b(Z, X) = 0. If c(X, X) = 0 and b(%, y) # 0, 
then Q is linear in t and thus it cannot be semidefinite. Thus b(s, y) = 0, 
and a, b, and c depend on less than n variables, and our inductive hypothesis 
gives the desired result. If c(X, X) # 0, consider the bilinear functional 
w = $c(x, z)-l”%-1 f) = c(x, z)-1’2b(i?, y)s + ~(5, +‘2zt. 
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As is readily verified, if P(t) = At2 + Bt + C is nonnegative for all t, then 
Applying this inequality to Q regarded as a quadratic polynomial in r we 
find that Q 3 w2 and the proof of Theorem 1 is complete. n 
Proof of Theorem 2. As in the case of Theorem 1, the proof of Theorem 
2 reduces to showing that if Q is not identically zero and semidefinite 
then there exist linear forms U(X), U(X) in x, not identically zero, such that 
Q 3 Ius + vt12. For this purpose we set x = y + iz where the vectors 
y and z are real, and Q(x, s, t) becomes a quadratic form in the real variables 
y1, y2,. . '1 ynr 21, 22,. . .> z, such that Q(y, Z, s, t) = Q(- z, y, s, t). Accord- 
ing to Theorem 1, there exist linear forms or, Us, z~r(y), z~s(.z) such that 
i!Q 3 IMY) - ~&)ls + [VI(Y) - ~2(41t12. 
But then we also have that 
+Q b I[~&) + ~,(Y)Is + [u1(4 + ~z(~)ltI~> 
and setting 
W = L%(Y) - f42(41 + i[%b) + f42(YL 
44 = L%(Y) - v2(41 fi[%(Z) + %(Y)l9 
by adding the preceding inequalities we obtain 
Q 3 )44s + 4+12, 
as we wished to show. n 
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